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LOWER AND UPPER BOUNDS FOR SOME GENERALIZED ARCS
ALEXIS E. ALMENDRAS VALDEBENITO AND ANDREA LUIGI TIRONI
Abstract. Let Fq be a field with q elements. In this note, we study some generalized
arcs, that is, sets of Fq-points in the projective plane P
2(Fq) such that no six of them
are on a conic. First, we consider the geometric configurations of such generalized
arcs for small values of q and then we give some upper and lower bounds for the
cardinality of complete generalized arcs, i.e. generalized arcs which are not contained
in a bigger one.
Introduction
Let Fq be a field with q elements, where q = p
r for some prime p and r ∈ Z≥1.
Consider the finite projective plane P2(Fq). A k-arc is a set K of k Fq-points (or,
simply, points) of P2(Fq) such that no three of them lie on a Fq-line (or, simply, line)
of P2(Fq). The literature on k-arcs is very vast and many generalizations inherent to
this concept have been considered by various authors, even in higher dimensions. In
particular, recalling that a k-arc is complete if it is not contained in a (k+1)-arc, many
authors focused their attention to the study of complete k-arcs and on some upper and
lower bounds of their cardinality, obtaining interesting algebraic and geometric results,
also in connection with some linear codes of special type. For a survey about all these
results we refer, for instance, to [9] and the references therein.
In this note, we extend the concept of a k-arc along another direction. More precisely,
we consider principally a generalized k-arc, that is, a set of k points of P2(Fq) such that
no six of them lie on a Fq-conic (or, simply, conic) of P
2(Fq). Let us observe here
that the conics we consider in this definition could be also reducible in two lines. In
particular, a generalized k-arc which is also a k-arc is known simply as a Veronesian
k-arc. In line with the classical results about k-arcs, we start to study here some
geometric properties of generalized k-arcs for small values of q (see, e.g., Table 1) and
we give some upper and lower bounds about the cardinality of complete generalized
and Veronesian k-arcs for sufficiently bigger values of q (see, e.g., Theorems 1, 2, 3).
The paper is organized as follows. After some basic notions and remarks in Section 1,
we study in Section 2 the cardinality and the geometry of maximal complete generalized
k-arcs in P2(Fq) for q ≤ 9 (Table 1). Subsequently, for higher values of q, we show some
upper bounds for generalized k-arcs, depending on the parity of q (Theorem 1 and
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Corollary 1). In Section 3, we prove another lower bound for complete k-arcs in P2(Fq)
(Proposition 6) and we give principally a lower bound for complete generalized k-arcs
Kg, depending on the fact that Kg is complete as a Veronesian k-arc, or not (Theorems
2 and 3). Finally, in the Appendix, we report the main Magma [3] programs used to
build all the tables and the corresponding examples.
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1. Basic definitions and background material
First of all, let us recall here some basic classical definitions. A (k,m)n-arc is a set
of k points of Pn(Fq) such that no m+ 1 of them lie on a hyperplane. A (k,m)n-arc is
complete if it is not properly contained in a (h,m)n-arc, for some h > k. In particular,
a (k, 2)2-arc is simply a k-arc in P
2(Fq) (see, e.g., [13], [14], [6]). Moreover, the size of
the largest complete k-arc in P2(Fq) will be denoted by m(2, q), the size of the second
largest complete k-arc in P2(Fq) by m
′(2, q), and the size of the smallest one by t(2, q).
Now, let us introduce here the two main definitions of this note.
Definition 1. A generalized k-arc (or, simply, a kg-arc) is a set of k points of P
2(Fq)
such that not six of them are on a (possibly reducible) conic. A kg-arc is said to be
complete if it is not contained in a (k+1)g-arc. Moreover, the size of the largest complete
kg-arc is denoted by mg(2, q), while the size of the smallest one will be denoted by
tg(2, q). Finally, a generalized k-arc is said to be maximal if k = mg(2, q) and minimal
if k = tg(2, q).
Definition 2. A Veronesian k-arc (or, simply, a kv-arc) is a k-arc in P
2(Fq) such that
not six of its points lie on a (necessarily irreducible) conic. A kv-arc is said to be complete
if it is not contained in a (k+1)v-arc. Moreover, the size of the largest complete kv-arc
is denoted by mv(2, q), while the size of the smallest one will be denoted by tv(2, q).
Finally, a generalized k-arc is said to be maximal if k = mv(2, q) and minimal if
k = tv(2, q).
Remark 1. From Definitions 1 and 2, one can deduce that a kg-arc is at most a
(k, 3)2-arc and that a Veronesian k-arc is a kg-arc with the additional property of being
a (k, 2)2-arc. Moreover, since a Veronesian arc is a special case of a generalized arc, we
have
tv(2, q) ≤ tg(2, q) and mv(2, q) ≤ mg(2, q) .
Denote by |W | the cardinality of a set W ⊆ P2(Fq). The following simple technical
result will be useful in the sequel.
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Lemma 1. Let Kg ⊆ P2(Fq) be a generalized k-arc. If l1 is a line in P2(Fq) such that
|Kg ∩ l1| = 3, then for every line l in P2(Fq) we have
|(Kg \ l1) ∩ l| ≤ 2,
i.e. (Kg \ l1) is a (Veronesian) k-arc in P2(Fq). In particular, a generalized k-arc is at
most the disjoint union of a (Veronesian) (k − 3)-arc and 3 collinear points.
Proof. By Remark 1, we have |Kg ∩ l| ≤ 3 for every line l in P2(Fq). By contradiction,
suppose there exists a line l2 in P
2(Fq) such that |(Kg \ l1) ∩ l2| = 3. Then, we get
(l1 ∩ Kg) ∩ (l2 ∩ Kg) = ∅. Hence, the conic Γ := l1 ∪ l2 is such that |Kg ∩ Γ| = 6, but
this is impossible because Kg is a generalized k-arc. 
2. Some upper bounds for mg(2, q)
Before to study the geometry of generalized k-arcs for small values of q and some
upper bounds for mg(2, q) when q is sufficiently large, let us give here the following
result.
Proposition 1. We have
mg(2, q) ≤ m(5, q)
for any q ≥ 2, where m(5, q) is the largest size of a (k, 5)5-arc.
Proof. Consider the Veronese embedding
(1)
ν2 : P
2(Fq) −→ P5(Fq)
[x0 : x1 : x2] 7−→ [x20 : x0x1 : x0x2 : x21 : x1x2 : x22] .
Define S := ν2(P
2(Fq)) ⊂ P5(Fq) and denote by [z0 : z1 : z2 : z3 : z4 : z5] the general
point of P5(Fq). If H is a hyperplane
∑5
i=0 αizi = 0 in P
5(Fq), with αi ∈ Fq, then
ν−12 (H ∩ S) is a conic in P2(Fq). If Kg is a generalized k-arc, then |ν2(Kg) ∩ H| ≤ 5.
Therefore, the set ν2(Kg) is a (k, 5)5-arc and then mg(2, q) ≤ m(5, q). 
First of all, let us compute the exact values of mg(2, q) for small q’s, that is, for
q = 2, 3, 4, 5, 7 and 8.
Proposition 2. mg(2, 2) = 7 (cf. Table 1).
Proof. Note that any conic in P2(F2) has at most 5 points. So, any subset of P
2(F2) is
a generalized arc. Therefore, mg(2, 2) = |P2(F2)| = 7. 
Example 1. Let q = 3 and let K = {p1, p2, p3, p4} be a complete 4-arc in P2(F3).
Denote by lij the line passing through the distinct points pi and pj. Let q1 be the
intersection of l12 and l34, and let q2 be the intersection of l13 and l24. Consider the
point q3 obtained by intersecting the line passing through q1 and q2 with l14. So, by
construction, the set Kg = {p1, p2, p3, p4, q1, q2, q3} is a generalized 7-arc. For instance,
consider the set Kg given by the following seven points (see Figure 1):
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• [0 : 1 : 2]
• [1 : 1 : 1]
• [1 : 1 : 2]
• [1 : 0 : 1]
• [1 : 2 : 0]
• [1 : 1 : 0]
• [0 : 1 : 0]
[0 : 1 : 2]
[1 : 1 : 1]
[1 : 1 : 2]
[1 : 0 : 1]
[1 : 2 : 2]
[0 : 1 : 1]
[0 : 0 : 1]
[1 : 0 : 2]
[1 : 0 : 0]
[0 : 1 : 0]
[1 : 1 : 0]
[1 : 2 : 0]
[1 : 2 : 1]
Figure 1. A maximal generalized 7-arc in P2(F3).
Proposition 3. mg(2, 3) = 7 (see Figure 1; cf. Table 1).
Proof. Note that any irreducible conic in P2(F3) has four points. Hence, by Lemma 1
we deduce that mg(2, 3) ≤ m(2, 3) + 3 = 7 and we can conclude by Example 1. 
Consider now, from a combinatorial and geometric point of view, the more intricate
cases q = 4, 5. For q = 4, we have the following result.
Proposition 4. mg(2, 4) = 7 (cf. Table 1).
Proof. First of all, we prove a lower bound for mg(2, 4).
Claim. mg(2, 4) ≥ 7.
Since q = 4, consider a complete 6-arc K ⊂ P2(F4), i.e. a conic and its nucleus (that
is, the unique intersection point of the q + 1 tangent Fq-lines to an irreducible conic in
P2(Fq) with q even [6, p. 143]). Let p /∈ K and write Kg := K ∪ {p}. Suppose that Kg
is not a generalized 7-arc. As any irreducible conic has five points, it follows that there
exist two lines l1 and l2 such that (l1∩Kg)∩ (l2∩Kg) = ∅ and |Kg∩ li| = 3, for i = 1, 2.
Since |K| = 6, after renaming, we can assume that p ∈ l1 \ l2. Hence |K ∩ l2| = 3,
but this is a contradiction because K is a 6-arc. Thus, Kg is a generalized 7-arc and
mg(2, 4) ≥ 7. Q.E.D.
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By the Claim, we know that there exists a generalized 7-arc in P2(F4). Now, assume that
there exists a generalized 8-arc Kg ⊂ P2(F4). Note that Kg cannot be a 8-arc because
otherwise we would have |Kg| ≤ q + 2 = 6 (see e.g. [6, Chapter 8]). Thus, there is a
line l ⊂ P2(F4) such that |Kg∩ l| = 3. By Lemma 1, we know that Kg \ l =: K is a 5-arc
in P2(F4). Write Kg := {p1, . . . , p8} and, after renaming, suppose that p1, . . . , p5 ∈ K
and p6, p7, p8 ∈ l. Let p be the nucleus of the irreducible conic γ containing K. Since
|γ| = |K| = q + 1 = 5, note that |K ∩ l| = 0, otherwise l would contain four distinct
points of Kg and taking any other secant line l′ of Kg such that (l∩Kg)∩ (l′∩Kg) = ∅,
the reducible conic l ∪ l′ would have 6 points in common with Kg, a contradiction
because Kg is a generalized 8-arc. In particular, this shows that p /∈ l by definition of
the nucleus p. Let q1 and q2 be the other two points of l distinct from p6, p7 and p8.
Considering the pencil of F4-lines through p, after renaming, we can assume that the
line l16 := 〈p1, p〉 is such that p6 ∈ l16. Furthermore, considering the pencil of F4-lines
through p1, after renaming, we can suppose that there exist three lines l1i := 〈p1, pi〉
through p1 and pi for i = 2, 4, 5 such that q2 ∈ l12, p7 ∈ l15 and p8 ∈ l14. Now, note that
p6 /∈ l12 and that the tangent line l′ to γ at p2 cannot contain the point p6 because p ∈ l′
and l16 = 〈p, p6〉. So, consider the pencil of F4-lines through p2. Write l2j := 〈p2, pj〉
for j = 3, 4, 5. Since p6 /∈ l′ ∪ l12, we see that there exists j ∈ {3, 4, 5} such that
p6 ∈ l2j . Thus one of the following three cases can occur: (a) j = 3, {p2, p3, p6} ⊂ l23,
(b) j = 4, {p2, p4, p6} ⊂ l24, (c) j = 5, {p2, p5, p6} ⊂ l25. In all these cases, having
in mind that {p1, p4, p8} ⊂ l14 and {p1, p5, p7} ⊂ l15, we get a contradiction by taking
the reducible conics l23 ∪ l14, l24 ∪ l15, l25 ∪ l14, respectively. This shows that actually
mg(2, 4) = 7. 
Example 2. Let F4 = {0, 1, a, a+1} be a field with four elements, where a2+a+1 = 0.
Considering in P2(F4) the conic x
2
0+x1x2 = 0, its nucleus and the point [1 : 0 : 1], from
the Claim of Proposition 4 it follows that the set
Kg := {[1 : 1 : 1], [a : a + 1 : 1], [a+ 1 : a : 1], [0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0], [1 : 0 : 1]}
is a maximal generalized 7-arc in P2(F4) (cf. Table 1).
Now, consider the case q = 5.
Example 3. In P2(F5), consider the following set
K′ := {[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1], [1 : 0 : 1], [1 : 1 : 0], [0 : 1 : 1]}.
By the Veronese embedding ν2 : P
2(F5)→ P5(F5), we have
ν2(K′) = {[1 : 0 : 0 : 0 : 0 : 0], [0 : 1 : 0 : 0 : 0 : 0], [0 : 0 : 1 : 0 : 0 : 0],
[1 : 1 : 1 : 1 : 1 : 1], [1 : 0 : 1 : 0 : 1 : 0], [1 : 1 : 0 : 1 : 0 : 0], [0 : 1 : 1 : 0 : 0 : 1]},
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and using the homography given by the matrix

1 0 0 4 4 1
0 1 0 4 0 0
0 0 1 0 4 0
0 0 0 0 0 1
0 0 0 0 4 1
0 0 0 4 0 1

 ,
we see that ν2(K′) is projectively equivalent to the (7, 5)5-arc
K := {[1 : 0 : · · · : 0], [0 : 1 : 0 : · · · : 0], . . . , [0 : · · · : 0 : 1], [1 : 1 : · · · : 1]} .
So, K′ is a generalized 7-arc in P2(F5) (cf. Table 1).
Proposition 5. mg(2, 5) = 7 (cf. Table 1).
Proof. By Proposition 1, we have mg(2, 5) ≤ m(5, 5) = 7. Thus, we can conclude by
Example 3. 
For q = 7, 8, from Proposition 1 and [7, Theorem 3.17 (iv) and (xiii)], it follows that
mg(2, q) ≤ m(5, q) = q + 1. Using Program 1, we can see that in fact mg(2, 7) = 8
and mg(2, 8) = 9 (see Table 1). In general, this program could theoretically find the
exact values of mg(2, q), but already for q ≥ 9 the geometry of a generalized k-arc
becomes much more intricate and, for this reason, we will give only some upper bounds
for mg(2, q). On the other hand, when q = 9, some geometric considerations, up to
projectivities, together with slight modifications of Program 1 allowed us to obtain
mg(2, 9) = 8 and an example of a complete generalized 8-arc is given in Table 1.
For sufficiently big values of q, we obtain the following upper bounds for mg(2, q).
Theorem 1. We have
mg(2, q) ≤


min
{
m(5, q), m′(2, q) + 3, q −
√
q
4
+
19
4
}
if q ≥ 7 is odd
min
{
m(5, q), q −
√
q
2
+
17
4
}
if q ≥ 16 is even ,
where m(5, q) is the largest size of a (k, 5)5-arc and m
′(2, q) is the second largest size
of a complete (k, 2)2-arc.
Proof. First, suppose that q ≥ 7 is odd. From [11, Theorem I], we know that a complete
k-arc with m(2, q) points is a conic. Thus, if a k-arc K has more than m′(2, q) points,
then K can be extended to a conic Γ, so K must lie on Γ. By Lemma 1, we can
assume that a generalized k-arc is contained in the disjoint union of a k-arc and 3
collinear points. Since m′(2, q) ≥ 6 for any odd integer q ≥ 7, we conclude that
mg(2, q) ≤ m′(2, q) + 3. Assume now that one of the following conditions is satisfied:
(1) q ≥ 7 is odd and there is a generalized k-arc Kg with k > q −
√
q
4
+ 19
4
;
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q m′(2, q) m(2, q) mg(2, q) Examples of complete generalized k-arcs
2 4 4 7 P2(F2)
3 4 4 7 [0 : 1 : 2], [1 : 1 : 1], [1 : 1 : 2], [1 : 0 : 1],
[1 : 2 : 0], [1 : 1 : 0], [0 : 1 : 0]
4 6 6 7 [1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1],
[α : α2 : 1], [α2 : α : 1], [1 : 0 : 1]
5 6 6 7 [1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1],
[1 : 0 : 1], [1 : 1 : 0], [0 : 1 : 1]
7 6 8 8 [1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1],
[2 : 2 : 1], [5 : 2 : 1], [3 : 5 : 1], [6 : 1 : 1]
8 6 10 9 [1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1],
[1 : α4 : 1], [α : 1 : 1], [α5 : α6 : 1],
[α : α4 : 1], [α5 : 1 : 0]
9 8 10 8 [1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1],
[α6 : α : 1], [α5 : 0 : 1], [α : α : 1], [α7 : α2 : 1]
Table 1. Maximal generalized k-arcs in P2(Fq) for q ≤ 9, where F∗q = 〈α〉.
(2) q ≥ 16 is even and there exists a generalized k-arc Kg with k > q −
√
q
2
+ 17
4
.
Consider the Veronese embedding ν2 : P
2(Fq) −→ P5(Fq) defined as in (1). Note that
the set ν2(Kg) is a (k, 5)5-arc. By [9, Theorems 4.10 and 4.11], ν2(Kg) lies on a unique
normal rational curve Γ of degree 5 in P5(Fq). Moreover, ν2(Kg) ⊆ ν2(P2(Fq)) =: S,
where S is the Veronese surface. Since S is defined by quadrics (see [5, Example 2.7]),
we see that Γ 6⊆ S. Furthermore, there exists a quadric Q4 ⊂ P5(Fq) such that S ⊂ Q4
and Γ 6⊂ Q4. So, we get
|Γ ∩ S| ≤ |Γ ∩Q4| ≤ deg(Γ) · deg(Q4) = 10,
where the last inequality is due to the Be´zout’s Theorem [10, Theomem 25.1]. This
implies that k = |ν2(Kg)| = |ν2(Kg) ∩ Γ ∩ S| ≤ |Γ ∩ S| ≤ 10, but this gives a numerical
contradiction in both cases (1) and (2). We conclude by Proposition 1. 
Remark 2. For q = 2h and h ≥ 4, there exist irregular hyperovals, that is, m(2, q)-arcs
in P2(Fq) which are not the union of a conic and its nucleus. For this reason, in these
cases we cannot use the same argument as in the first part of the proof of Theorem 1
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Remark 3. From [9, §4.5.2] we know that
m′(2, q) ≤


q − 1 q ≥ 7 Segre 1955, Tallini 1957 [12]
q − 1
4
√
q + 25
16
q odd Thas 1987 [15]
44
45
q + 8
9
q prime Voloch 1990 [16]
q − 1
2
√
q + 5 q = ph, p ≥ 5 Hirschfeld-Korchma´ros 1996 [8] .
Remark 4. For q ≥ 8 even we have m(5, q) = q+1, while for q ≥ 7 odd we know that
m(5, q) = q + 1, except possibly for 23 ≤ q ≤ 83, Hirschfeld 1997 [7].
The next result can be easily obtained by comparing directly Theorem 1 and the
results recalled in Remarks 3 and 4.
Corollary 1. Let q ≥ 16 even. Then
mg(2, q) ≤


q + 1 q = 16, 32⌊
q −
√
q
2
+
17
4
⌋
q ≥ 64 .
Let q ≥ 7 odd. Then we have one of the following cases:
• for q prime,
mg(2, q) ≤


q + 1 7 ≤ q ≤ 19
q + 2 23 ≤ q ≤ 83⌊
44
45
q +
8
9
⌋
+ 3 q ≥ 89 ;
• for q = ps, with p prime greater than or equal to 5 and s ≥ 2:
mg(2, q) ≤


q + 2 q ∈ {25, 49}
q + 1 q ∈ {121, 125}⌊
q −
√
q
2
+ 5
⌋
+ 3 q ≥ 169 ;
• for q = 3s and s ≥ 2:
mg(2, q) ≤


10 q = 9
q + 2 q ∈ {27, 81}⌊
q −
√
q
4
+
25
16
⌋
+ 3 q ≥ 243 .
3. Some lower bounds for t(2, q), tv(2, q) and tg(2, q)
Recall that the size of a smallest complete k-arc in P2(Fq) is denoted by t(2, q). In
[1], S. Ball showed that
(*) t(2, q) ≥


⌊√2q + 2⌋ for any q⌈√
3q +
1
2
⌉
for q = ph, p prime, h = 1, 2 .
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In [2], the authors realized a more detailed work on lower bounds when q ≤ 7559 and
they proved that t(2, q) ≤ ⌊3√q⌋ for q ≤ 89.
First of all, let us give here a lower bound for t(2, q) which slightly improves ⌊√2q+2⌋
only for some values of q (see the below Remark 5).
Proposition 6. t(2, q) ≥
⌈√(
2q + 1
4
)
+ 3
2
⌉
for any q ≥ 2.
Proof. Assume that a set of k points {p1, p2, . . . , pk} is a complete k-arc. Denote by lij
the unique Fq-line passing through pi and pj, where i 6= j and i, j ∈ {1, . . . , k}. Write
P2(Fq) =
⋃
1≤i<j≤k
lij =
(
k−1⋃
h=1
lhk
)
∪
( ⋃
1≤i<j≤k−1
lij \
(∪k−1h=1lhk)
)
.
Then we deduce that
q2 + q + 1 = |P2(Fq)| ≤ | ∪k−1h=1 lhk|+
∑
1≤i<j≤k−1
|lij \
(∪k−1h=1lhk) | =
= [(k − 1)q + 1] +
∑
1≤i<j≤k−1
[q + 1− (k − 1)] = (k − 1)q + 1 +
(
k − 1
2
)
(q + 2− k) ,
i.e. q2 + q + 1− [(k − 1)q + 1]− (k−1
2
)
(q + 2− k) ≤ 0. Hence we get
(q + 2− k) ·
[
q −
(
k − 1
2
)]
≤ 0 ,
that is,
[k − (q + 2)] ·
[
k −
(
3
2
−
√
2q +
1
4
)]
·
[
k −
(
3
2
+
√
2q +
1
4
)]
≤ 0 .
This leads to the solution 3
2
+
√
2q + 1
4
≤ k ≤ q + 2 which shows that the inequality of
the statement holds for any q ≥ 2. 
In Tables 2 and 3, we make a comparison between (*) and the lower bound of Propo-
sition 6 when q ≤ 31. Furthermore, in Table 2 we give also some examples which reach
the best known lower bound t(2, q) for a k-arc when q ≤ 11.
Remark 5. As shown in Table 2, the lower bound
⌈√(
2q + 1
4
)
+ 3
2
⌉
is better than
⌊√2q+2⌋ for q = 4, 7, 11 and it is sharp for q = 2, 3, 7, 8, 9, 11. More generally, we have⌈√(
2q +
1
4
)
+
3
2
⌉
= ⌊
√
2q + 2⌋+ 1 > ⌊
√
2q + 2⌋
for any q such that (h−2)(h−1)
2
< q < (h−1)
2
2
for some suitable integer h ≥ 4. Moreover,
the lower bound of Proposition 6 is also better than that obtained in [4, Lemma 2.5]
for P2(Fq).
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q ⌊√2q + 2⌋ ⌈√3q + 1
2
⌉ ⌈
√(
2q + 1
4
)
+ 3
2
⌉ t(2, q) Examples of arcs in P2(Fq)
2 4 3 4 4 [0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0],
[1 : 1 : 1]
3 4 4 4 4 [0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0],
[1 : 1 : 1]
4 4 4 5 6 [0 : 0 : 1], [0 : 1 : 0], [α : α2 : 1],
[1 : 1 : 1], [1 : 0 : 0], [α2 : α : 1]
5 5 5 5 6 [0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0],
[1 : 1 : 1], [3 : 2 : 1], [4 : 3 : 1]
7 5 6 6 6 [0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0],
[1 : 1 : 1], [3 : 2 : 1], [4 : 3 : 1]
8 6 - 6 6 [0 : 0 : 1], [0 : 1 : 0], [α2 : α3 : 1],
[1 : 0 : 0], [1 : 1 : 1], [α4 : α2 : 1]
9 6 6 6 6 [0 : 0 : 1], [0 : 1 : 0], [α2 : α5 : 1],
[1 : 0 : 0], [1 : 1 : 1], [α5 : α2 : 1]
11 6 7 7 7 [0 : 0 : 1], [0 : 1 : 0], [0 : 0 : 1],
[1 : 1 : 1], [7 : 3 : 1], [3 : 2 : 1],
[10 : 8 : 1]
Table 2. Comparison between the known lower bounds for arcs in P2(Fq)
for 2 ≤ q ≤ 11, where F∗q = 〈α〉.
q ⌊√2q + 2⌋ ⌈√3q + 1
2
⌉ ⌈
√(
2q + 1
4
)
+ 3
2
⌉ t(2, q)
13 7 7 7 8
16 7 – 8 9
17 7 8 8 10
19 8 9 8 10
23 8 9 9 10
25 9 10 9 12
27 9 – 9 12
29 9 10 10 13
31 9 11 10 14
Table 3. Lower bounds for arcs in P2(Fq) for 13 ≤ q ≤ 31.
Coming back to generalized k-arcs, let us note also that if K is a subset of P2(Fq), then
(⋄) K is a Veronesian k-arc ⇐⇒ K is a generalized k-arc such that all the conics
passing through any 5 of its points are irreducible.
If q = 2, then we have tg(2, 2) = mg(2, 2) = 7 and tv(2, 2) = t(2, 2) = 4, because any
conic has at most 5 points.
LOWER AND UPPER BOUNDS FOR SOME GENERALIZED ARCS 11
Let q = 3. Using Programs 1 and 2, we obtain that tg(2, 3) = mg(2, 3) = 7
and tv(2, 3) = t(2, 3) = 4, where a minimal complete Veronesian 4-arc is given by
{ [1 : 1 : 1], [0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0] }.
Now, let q = 4 and consider a minimal generalized k-arc Kg ⊂ P2(F4). Since Kg is the
smallest complete generalized k-arc and any irreducible conic in P2(F4) has q + 1 = 5
points, we deduce that Kg is not a k-arc. Therefore there are three collinear points in
Kg, say p1, p2, p3. Let L be the line through these three points. Since Kg is a complete
generalized k-arc, we deduce that any point p /∈ Kg is contained in a reducible conic of
type L ∪ l, where l is a secant line of Kg \ {p1, p2, p3}. This implies that
2 + 2
(
k − 3
2
)
+ k ≥ q2 + q + 1 = 21 .
Hence k ≥ 7 and since k ≤ mg(2, 4) = 7 by Proposition 4, we conclude that tg(2, 4) =
mg(2, 4) = 7. By Program 1, we obtain that a minimal generalized 7-arc is given by
{[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1], [α : α2 : 1], [α2 : α : 1], [1 : 0 : 1]} ,
where F∗4 = 〈α〉. Moreover, by Program 2, one can see that tv(2, 4) = t(2, 4) = 6 and a
minimal complete Veronesian 6-arc is given by
{[1 : 1 : 1], [0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0], [α : α2 : 1], [α2 : α : 1]} .
For q ≥ 5, as to tv(2, q), we get the following lower bound.
Theorem 2. For q ≥ 5, we have tv(2, q) ≥ ⌈t0⌉, where t0 is the smallest real positive
solution of the following inequality:(
t0
5
)
(q − 4) +
(
t0
2
)
(q − 1) + t0 ≥ q2 + q + 1 .
Proof. Let Kv ⊆ P2(Fq) be a complete Veronesian k-arc. Since any irreducible conic of
P2(Fq) has q+1 points, from (⋄) we deduce that the maximal number of points covered
by conics passing through 5 of k points of Kv is given by(
k
5
)
(q + 1− 5) + k =
(
k
5
)
(q − 4) + k .
Moreover, the maximal number of points covered by lines passing through 2 of k points
of Kv is (
k
2
)
(q + 1− 2) + k =
(
k
2
)
(q − 1) + k .
Since the k points of Kv are common to all the above conics and lines, to cover the
projective plane we get the following inequality(
k
5
)
(q − 4) +
(
k
2
)
(q − 1) + k ≥ q2 + q + 1 .

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Remark 6. In Table 4, we compare the values of t(2, q) for complete k-arcs with the
values of tv(2, q) obtained by Program 2 and the lower bounds ⌈t0⌉ of Theorem 2 for
complete Veronesian k-arcs. We would like to stress the fact that a Veronesian k-arc
is a particular case of a generalized k-arc and that if a set is complete as a Veronesian
k-arc, could be not complete as a generalized k-arc. Furthermore, by using Program 2,
we found examples which show that the lower bound ⌈t0⌉ is sharp for q = 5, 8, 9, 11.
q ⌈t0⌉ tv(2, q) t(2, q) Examples of complete Veronesian k-arcs
5 5 5 6 [1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1], [3 : 4 : 1]
7 5 6 6 [0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0], [1 : 1 : 1], [3 : 2 : 1], [4, 3, 1]
8 6 6 6 [0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0], [1 : 1 : 1], [α3 : α2 : 1], [α6 : α4 : 1]
9 6 6 6 [0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0], [1 : 1 : 1], [α6 : α7 : 1], [α7 : α3 : 1]
11 6 6 7 [0 : 0 : 1], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1], [4 : 3 : 1], [5 : 9 : 1]
Table 4. Minimal Veronesian k-arcs in P2(Fq) for 5 ≤ q ≤ 11.
In a similar way as in the proof of Theorem 2, we get the following result.
Theorem 3. Let Kg ⊆ P2(Fq) be a generalized k-arc with q ≥ 5. If Kg is complete as
a generalized arc, then
k ≥
{
⌈t1⌉ if Kg is also a k-arc
⌈t2⌉ if Kg is not a k-arc ,
where t1 and t2 are the minimum real positive solutions of the following inequalities:(
t1
5
)
(q − 4) + t1 ≥ q2 + q + 1 , and(
t2 − 3
5
)
(q − 4) +
(
t2 − 2
4
)
(6q − 12) +
(
t2 − 3
2
)
(q − 2) + t2 ≥ q2 + 3 .
In particular, we have tg(2, q) ≥ min {⌈t1⌉, ⌈t2⌉} .
Proof. Let Kg ⊆ P2(Fq) be a complete generalized k-arc. If Kg is also a k-arc, then Kg is
a Veronesian k-arc complete by (irreducible) conics. Thus, in this situation, by arguing
in a similar way as in Theorem 2, we get k ≥ ⌈t1⌉, where
(
t1
5
)
(q − 4) + t1 ≥ q2 + q + 1.
Suppose now that Kg is not a k-arc. From Lemma 1 it follows that we can write
Kg = K∪P, where K is a (Veronesian) (k−3)-arc and P are 3 distinct collinear points.
The conics γ0 passing through any 5 distinct points of K are irreducible because K is a
(k − 3)-arc and they cover at most
(2)
(
3
0
)(
k − 3
5
)
(q + 1− 5) + k
points of the projective plane. On the other hand, the conics γ1 passing through any
4 distinct points of K and one point of P, can be either reducible or irreducible. Since
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the reducible conics cover 2q + 1 > q + 1 points of the plane, we can assume that all
the γ1’s are reducible. Thus they cover at most
(3)
(
3
1
)(
k − 3
4
)
(2q + 1− 5) + k
points of the plane. Similarly, the conics γ2 passing through any 3 distinct points of K
and 2 distinct points of P, can be either reducible or irreducible. As in the previous
case, we can assume that all the γ2’s are reducible conics. Therefore, they cover at
most
(4)
(
3
2
)(
k − 3
3
)
(2q + 1− 5) + k
points of P2(Fq). Finally, the conics γ3 passing through any 2 distinct points of K and
the 3 points of P are all reducible and they cover at most
(5)
(
3
3
)(
k − 3
2
)
(q + 1− 3) + (q + 1− 3) + k
points of the projective plane. Since the k points of Kg are common to all the above
conics γi for i = 0, 1, 2, 3, using the expressions from (2) to (5), we get
S(k) :=
(
k − 3
5
)
(q − 4) +
(
k − 2
4
)
(6q − 12) +
[(
k − 3
2
)
+ 1
]
(q − 2) + k,
which is greater than or equal to the number of points covered by the span of all the
conics passing through any 5 distinct points of Kg. So, if t2 is the minimum real positive
solution of S(t2) ≥ q2 + q + 1, then we have k ≥ ⌈t2⌉. 
Remark 7. In Tables 5 and 6, we compare the two lower bounds of Theorem 3 for a
generalized k-arc in P2(Fq). Moreover, for 5 ≤ q ≤ 11, in Table 5 we find the exact
values of tg(2, q) by using Program 1, and we give their respective examples showing
that the lower bound ⌈t2⌉ is sharp for q = 7, 8, 9, 11.
Finally, looking at the number of 3-secant lines of a generalized k-arc, we can also
obtain the following result.
Proposition 7. Let Kg ⊆ P2(Fq) be a complete generalized k-arc with q ≥ 5. Let
T ∈ Z≥0 be the number of distinct 3-secant lines of Kg. Then k ≥ ⌈t3⌉, where t3 is the
minimum real positive solution of the following inequality(
t3
5
)
(q − 4) + T
2
[
(t3 − 3)(t3 − 4) + 1− T
]
q + t3 ≥ q2 + q + 1 .
Proof. Write Kg := {p1, . . . , pk} and let I := { (p, γ) | p ∈ P2(Fq) , γ ∈ Γ , p ∈ γ} ,
where Γ is the set of all the conics in P2(Fq) passing through any 5 distinct points of
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q ⌈t1⌉ ⌈t2⌉ tg(2, q) Examples of complete generalized k-arcs
5 8 6 7
[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1],
[1 : 0 : 1], [1 : 1 : 0], [0 : 1 : 1]
7 7 7 7
[0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0], [1 : 1 : 1],
[3 : 0 : 1], [5 : 5 : 1], [2 : 4 : 1]
8 7 7 7
[0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0], [1 : 1 : 1],
[α : α2 : 1], [α6 : 1 : 0], [α3 : α6 : 1]
9 7 7 7
[0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0], [1 : 1 : 1],
[α3 : α7 : 1], [1 : α7 : 1], [α6 : α3 : 1]
11 7 7 7
[0 : 0 : 1], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1]
[4 : 5 : 1], [1 : 5 : 1], [5 : 3 : 1]
Table 5. Minimal generalized k-arcs in P2(Fq) for 5 ≤ q ≤ 11.
q 13 16 17 19 23 25 27 29 31
⌈t1⌉ 7 8 8 8 8 8 8 8 8
⌈t2⌉ 7 7 7 7 7 7 7 7 7
Table 6. Lower bounds for complete generalized k-arcs in P2(Fq) for
13 ≤ q ≤ 31.
Kg. Since any reducible conic of Γ contains at least a 3-secant line, we deduce that the
number of distinct reducible conics in Γ is δ given by
δ :=
(
T
2
)
+ T
[(
k − 3
2
)
− (T − 1)
]
,
while the number of distinct irreducible conics in Γ is
(
k
5
) − δ, because |Γ| = (k
5
)
. So,
the cardinality of I is[(
k
5
)
− δ
]
(q + 1) + δ(2q + 1) =
(
k
5
)
(q + 1) + δq ,
that is,
|I| =
(
k
5
)
(q + 1) +
{(
T
2
)
+ T
[(
k − 3
2
)
− (T − 1)
]}
q .
Now, observe that the number of distinct conics in Γ passing through a fixed point
pj ∈ Kg is given by
(
k−1
4
)
. Note that I can be written as a union I1 ∪ I2, where
I1 := {(pj , γ) ∈ I | pj ∈ Kg} and I2 := {(q, γ) ∈ I | q /∈ Kg}. Since |I1| = k
(
k−1
4
)
and
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|P2(Fq)| − k ≤ |I2|, we conclude that
|I| − k
[(
k − 1
4
)
− 1
]
≥ |P2(Fq)| ,
i.e. |I| − 5(k
5
)
+ k ≥ q2 + q + 1, which leads to the inequality of the statement. 
Appendix: Magma programs
Let us give here the two main Magma [3] programs we used to construct the tables
and the examples of the previous sections.
Program 1. Function to find all the complete generalized k-arcs in P2(Fq).
function GArc(q,k)
P<[x]>:=ProjectivePlane(GF(q));
pts:={P![1,0,0],P![0,1,0],P![0,0,1],P![1,1,1]};
S1:={@ e : e in Subsets({p : p in Points(P)} diff pts,k-4) @};
N:=0;
for j in [1..#S1] do
ptss:=pts join S1[j];
pplane:={};
T:={@ C : C in Set(&cat[[f : f in Basis(&meet[Ideal(Cluster(p)):
p in S]) | Degree(f) eq 2] : S in Subsets(ptss,5)]) @};
if #T ge 1 then
g:=0;
repeat
g:=g+1;
pplane:=pplane join { b : b in Points(Curve(P,[T[g]])) };
pc:={ b : b in Points(Curve(P,[T[g]])) };
card:=#(pc meet ptss);
until g eq #T or card ge 6;
if card le 5 and #pplane eq q^2+q+1 then
N:=N+1;
"Set",N,"=",ptss;
end if;
end if;
end for;
return "end";
end function;
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Program 2. Function to find all the complete Veronesian k-arcs in P2(Fq).
function VArc(q,k)
P<[x]>:=ProjectivePlane(GF(q));
pts:={P![1,0,0],P![0,1,0],P![0,0,1],P![1,1,1]};
S1:={@ e : e in Subsets({p : p in Points(P)} diff pts,k-4) @};
N:=0;
for j in [1..#S1] do
ptss := pts join S1[j];
pplane:={};
T1:={@ C : C in Set(&cat[[f : f in Basis(&meet[Ideal(Cluster(p))
: p in S]) | Degree(f) eq 1] : S in Subsets(ptss,2)]) @};
T2:={@ C : C in Set(&cat[[f : f in Basis(&meet[Ideal(Cluster(p))
: p in S]) | Degree(f) eq 2] : S in Subsets(ptss,5)]) @};
g:=0;
repeat
g:=g+1;
pplane:=pplane join { b : b in Points(Curve(P,[T1[g]])) };
pt:={ b : b in Points(Curve(P,[T1[g]])) };
card1:=#(pt meet ptss);
until g eq #T1 or card1 ge 3;
if card1 le 2 then
if #T2 ge 1 then
g:=0;
repeat
g:=g+1;
pplane:=pplane join { b : b in Points(Curve(P,[T2[g]])) };
pc:={ b : b in Points(Curve(P,[T2[g]])) };
card2:=#(pc meet ptss);
until g eq #T2 or card2 ge 6;
else
card2:=0;
end if;
if #pplane eq q^2+q+1 and card2 le 5 then
N:=N+1;
"Set",N,"=",ptss;
end if;
end if;
end for;
return "end";
end function;
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